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NORMAL CROSSING SINGULARITIES AND HODGE
THEORY OVER ARTIN RINGS
CHRISTIAN LEHN
Abstract. We develop a Hodge theory for relative simple normal cross-
ing varieties over an Artinian base scheme. We introduce the notion of a
mixed Hodge structure over an Artin ring, which axiomatizes the struc-
ture that is found on the cohomology of such a variety. As an application
we prove that the maps between the graded pieces of the Hodge bundles
have constant rank.
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Introduction
In [Fri83] the object of study were simple normal crossing varieties Y with
Ka¨hler components. Although the article focused on deformations, there
were a lot of general results proven regarding the Hodge theory of these
objects.
We consider locally trivial families of simple normal crossing varieties over
an Artinian base and prove Hodge theoretic results in the style Friedman
in this setting. We introduce the notions of a mixed Hodge structure and a
mixed Hodge-Weil structure, both over a local Artin C-algebra R. We have
Theorem 4.20. Let Y be a proper, simple normal crossing C-variety and
let f : Y −→ S be a locally trivial deformation of Y over S = SpecR for
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2 CHRISTIAN LEHN
an Artinian local C-algebra R of finite type. Then there is a mixed Hodge
structure over R on Hk(Y an,R).
Thus, by definition there are Hodge- and weight filtrations onHk(Y an,R)⊗R
such that the weight graded objects are pure Hodge structures over R. The
associated Hodge-Weil structure is defined by the same formulas as an ordi-
nary Hodge structure. To add the Weil is necessary because over an Artin
C-algebra there is no canonical complex conjugation.
As a result of the Hodge theoretic considerations, we obtain the following
result. It might be known to experts, but we did not find a proof in the
literature.
Theorem 4.22. Let R be a local Artin C-algebra with residue field C,
let S = SpecR and let Y be a proper, simple normal crossing C-variety.
Assume that f : Y −→ S is a locally trivial deformation of Y and that
g : X −→ S is smooth and proper. Let i : Y −→ X be an S-morphism. Then
for all p, q the morphism i∗ : Rqg∗Ω
p
X/S −→ Rqf∗Ω˜pY/S has a free cokernel.
My interest in the subject arose from applications to deformations of La-
grangian subvarieties of symplectic manifolds, see [Le11], where this tech-
niques are applied in the study deformations of singular Lagrangian subva-
rieties of symplectic manifolds.
Let us spend some words about the structure of this article. In section 1 we
recall the definition of locally trivial deformations in the Zariski and analytic
context. The theory of Weil restriction as presented in section 2 relates
Hodge- and Hodge-Weil structures. Its exploitation in the infinitesimal setup
is the main new feature of this work and its motivation is purely geometric.
It is seen as an formalization of the process of regarding a complex manifold
as a differentiable manifold.
Mixed Hodge structures and mixed Hodge-Weil structures over local Artin
C-algebras are introduced in section 3. In combination with commutative
algebra they are essentially used in the proof of Theorem 4.22. Hodge struc-
tures over Artinian bases are intermediate objects between ordinary Hodge
structures and variations of Hodge structures. Hodge-Weil structures are a
tool to transport certain features, especially complex conjugation and Hodge
decomposition, to the infinitesimal setup.
Section 4 provides a construction of a mixed Hodge structure over a local
Artin C-algebra R on the cohomology of simple normal crossing varieties
over S = SpecR.
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Notations and conventions
We denote by k an algebraically closed field of characteristic zero. Set is the
category of sets, Sch the category of schemes. For a scheme Z the category
of schemes over Z is denoted by Sch/Z.
The term algebraic variety will stand for a separated reduced k-scheme of
finite type. A k-variety Y of equidimension n is called a normal crossing
variety if for every closed point y ∈ Y there is an r ∈ N0 such that ÔY,y ∼=
k[[y1, . . . , yn+1]]/(y1 · . . . · yr). It is called a simple normal crossing variety
if in addition every irreducible component is nonsingular.
For a C-scheme X of finite type we write Xan for the associated complex
space. For a quasi-coherent OX -module F we denote by F an the associated
OXan-module ϕ∗F where ϕ : Xan −→ X is the canonical morphism of ringed
spaces.
Acknowledgements. This work is part of the author’s thesis. I would like
to thank my advisor Manfred Lehn for his support and his generosity in
sharing insights. Moreover, I am very grateful to Duco van Straten for the
subliminal conveyance of very important ideas and to Stefan Mu¨ller-Stach
and Claire Voisin for helpful discussions. While working on this project, I
benefited from the support of the DFG through the SFB/TR 45 “Periods,
moduli spaces and arithmetic of algebraic varieties”, the CNRS and the
Institut Fourier.
1. Locally trivial deformations
We recall the definition of locally trivial deformations, for a detailed exposi-
tion see [Ser06]. By Artk we denote the category of local Artinian k-algebras
with residue field k. The maximal ideal of an element R ∈ Artk will be de-
noted by m.
Definition 1.1. Let X be a k-scheme or let k = C and X be a complex
space. The functor
DX : Artk −→ Set, R 7→ {deformations of X over S = SpecR} / ∼
where ∼ is the relation of isomorphism, is called functor of deformations of
X. A deformation
X

  // X

0 // S
of X over S = SpecR, R ∈ Artk, is called (Zariski resp. analytically) locally
trivial, if for every x ∈ X there is an open neighbourhood x ∈ U ⊂ X in the
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Zariski- resp. Euclidean topology and an S-isomorphism X|U
∼=−−→ X|U × S
restricting to the identity on the central fiber.
Recall [Har77, Exc II.8.6] that for a regular k-scheme every deformation is
locally trivial.
Definition 1.2. Let i : Y −→ X be a morphism of algebraic k-schemes or
complex spaces, let R ∈ Artk and S = SpecR, and let I : Y −→ X be a
deformation of i over S. It is called (Zariski resp. analytically) locally trivial
if for every x ∈ X, y ∈ Y with i(y) = x there are open subsets U ⊂ X,
V ⊂ Y in the Zariski- resp. Euclidean topology with y ∈ V , i(V ) ⊂ U and
an isomorphism
X|U
  
∼= // X|U ×k S
{{
S
Y|V
I|V
OO
∼= //
>>
Y|V ×k S
i|V ×kid
OO
cc
In other words, I : Y −→ X induces the trivial deformation on V and U .
The functor
Dlti : Artk −→ Set, R 7→ {locally trivial deformations of i over S} / ∼
where ∼ is the relation of isomorphism, is called the functor of locally trivial
deformations of i.
Sometimes the focus is not on the central fiber, but on the morphism. For
the sake of simplicity we introduce the following terminology.
Definition 1.3. Let R ∈ Artk and let S = SpecR. A locally trivial scheme
is a morphism X −→ S of schemes which is a locally trivial deformation
of its central fiber X := X ×S SpecR/m. Similarly, we say that a locally
trivial scheme X −→ S is a locally trivial variety, locally trivial simple normal
crossing variety respectively locally trivial normal crossing variety if X is
a variety, a normal crossing variety respectively a simple normal crossing
variety .
2. Weil restriction
For our Hodge theoretical considerations we need the theory of Weil re-
striction as an essential tool. The foundations of this theory were laid by
Grothendieck in [Gro59, Gro60]. In our case it boils down to associating
an R-scheme Swl with a C-scheme S such that the R-valued points of Swl
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are exactly the C-valued points of S. Technically, this is phrased in the
language of functors and representability. However, in this particular case
we interpret Weil restriction simply as the algebro-geometric analogue of the
process of regarding a complex manifold as a differentiable manifold.
We extend the concept of Weil restriction to modules. We are not aware that
this has been done systematically before. Nevertheless, it is an elementary
byproduct of the functorial treatment. We prove some comparison results
between R-modules and their Weil restrictions.
2.1. Weil restriction. Let S
f→ Z p→ W be morphisms of schemes and
consider the functor
(2.1) SZ/W : (Sch/W)
op −→ Set, S′ 7→ MorSch/Z(S′ ×W Z, S).
In fact, we have MorSch/S′×WZ(S
′ ×W Z, S ×W Z) = MorSch/Z(S′ ×W Z, S),
which follows from the universal property of the fiber product. Therefore,
the functor SZ/W coincides with the one defined by Grothendieck in [Gro59,
C.2, pp.12]. The functor SZ/W is representable in the following cases.
(1) If S −→ Z is proper and flat and S −→ W is quasiprojective, this
functor is representable by [Gro60, 4.c., p.20] by a W -scheme SZ/W .
(2) Suppose that Z −→ W is finite and locally free, i.e. finite, flat and
of finite presentation, and that moreover for each x ∈ W and each
finite set of points P ⊂ S ×W k(x) there is an affine open U ⊂ S
containing P . Then SZ/W is representable by a W -scheme SZ/W by
[BLR90, 7.6, Thm 4].
The W -scheme SZ/W is called the Weil restriction of S.
2.2. Properties of Weil restriction. We will collect some properties of
the process of Weil restriction. If not otherwise stated, proofs are found
in [BLR90, Ch 7.6]. Recall that a presheaf of sets on Sch/Z is a functor
(Sch/Z)op −→ Set. The category of presheaves of sets on Sch/Z is denoted
by Psh(Z). By the Yoneda embedding a Z-scheme S may be interpreted as
a prescheaf of sets on Sch/Z via
S : (Sch/Z)op −→ Set, T 7→ MorSch/Z(T, S).
We will not distinguish between S and S. Pushforward of presheaves along
the morphism p : Z −→W is the functor
p∗ : Psh(Z) −→ Psh(W ), F 7→
(
S′ 7→ F (S′ ×W Z)
)
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and it coincides with Weil restriction on the full subcategory Sch/Z, i.e.
SZ/W = p∗S. To be represented by SZ/W means that
(2.2) MorSch/Z(S
′ ×W Z, S) = MorSch/W(S′, SZ/W ).
In other words, S 7→ SZ/W is right adjoint to the pullback S′ 7→ p∗S′ =
S′ ×W Z. In particular, for a Z-scheme S there is a canonical morphism
η : SZ/W×W Z −→ S. If p : Z −→W is proper, flat and of finite presentation,
then p∗ preserves open and closed immersions.
We will now specialize to Z = SpecC and W = SpecR. In this case every
quasi-projective C-scheme S has a Weil restriction. We write Swl instead
of SZ/W . The functor p∗ sends affine schemes to affine schemes, in other
words, p∗S is representable by an affine scheme Swl. If S = SpecR we will
write RZ/W for the coordinate ring of SZ/W . Equation (2.2) in particular
gives S(C) = SZ/W (R). If S = SpecR, the morphism η from the adjointness
property gives a ring homomorphism η : R −→ Rwl ⊗R C.
Let S = ∪iUi be a covering by open affine subschemes, such that for given
t1, t2 ∈ S there is an index i0 with t1, t2 ∈ Ui0 . The proof of representability
in [BLR90, 7.6, Thm 4] shows that under this assumption the (Ui)wl will
cover Swl. For R = C[z1, . . . , zn]/(f1, . . . , fk) we have
(2.3) Rwl = R[x1, y1, . . . , xn, yn]/(g1, h1, . . . , gk, hk)
where fj = gj + ihj if we evaluate at zk = xk + iyk.
If we define S := S ×σ C where σ : C −→ C is the complex conjugation
then (2.2) tells us that there is a canonical isomorphism Swl ∼= Swl and by
[Sch94, Ch 1, 4.11.3] there is a canonical isomorphism Swl ×R C −→ S ×C S
such that η is identified with projection on the first factor. In particular, η
is faithfully flat as the projection S ×C S −→ S is faithfully flat.
Lemma 2.3. If R is a local Artin C-algebra with residue field C, then Rwl
is a local Artin R-algebra with residue field R.
Proof. By (2.3) we see that Rwl is an R-algebra of finite type. A maximal
ideal m ⊂ Rwl will define a homomorphism Rwl −→ Rwl/m = k, where k is a
finite field extension of R by Hilbert’s Nullstellensatz. So k = R or C. By the
defining property of Weil restriction we have HomR(Rwl,R) = HomC(R,C)
and HomR(Rwl,C) = HomC(R,C ⊗R C) = HomC(R,C × C) both of which
consist of one element. But the composition of the morphism R −→ R with
the inclusion R ⊂ C is the unique morphism R −→ C. Thus, RR is a local
ring with unique maximal ideal m and residue field R. As Rwl is of finite
type, Rwl = P/I where P is a polynomial ring and I ⊂ P an ideal. The
preimage n of m under the natural map P −→ Rwl is the unique maximal
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ideal of P containing I. Let I ⊂ p ⊂ n be a minimal prime ideal containing
I. As P is a Jacobson ring by the general form of the Nullstellensatz, see
[Eis95, Thm 4.19], the ideal p is the intersection of maximal ideals, so that
p = n. Taking a primary decomposition of I we see that nk ⊂ I for some k,
so Rwl = P/I is Artinian. 
Definition 2.4. Let S be a C-scheme, F be a quasi-coherent sheaf of OS-
modules, denote by q : Swl ×R C −→ Swl the canonical projection and let
η : Swl ×R C −→ S be as in 2.2. We define the Swl-module
Fwl := q∗η∗F
and call it the Weil restriction of F .
If S = SpecR and M is an R-module, then Mwl = M ⊗R (Rwl ⊗R C)
considered as an Rwl module. In the special case M = H ⊗C R for some
C-vector space H, we find Mwl = H ⊗R Rwl. Weil restriction for modules
has the following useful property.
Lemma 2.5. The functor F 7→ Fwl is faithfully exact, i.e. the sequence
K ′ −→ K −→ K ′′ is exact if and only if K ′wl −→ Kwl −→ K ′′wl is exact.
Proof. The morphism η is faithfully flat as noted at the end of section 2.2.
Therefore, η∗ is faithfully exact. Also q∗ is faithfully exact, as q is affine. 
Lemma 2.6. Let (R,m) be a local Artin C-algebra and F be a finitely
generated R-module. Then F is a free R-module if and only if Fwl is a free
Rwl-module.
Proof. We will argue separately for η∗ and q∗. For brevity we write (R′,m′)
instead of (Rwl ⊗R C,mwl ⊗R C). Clearly, η∗F = F ⊗R R′ is free if F
is. Suppose η∗F is free. We take a minimal set of generators for F and
obtain a surjection ϕ : Rn −→ F for some n. By Nakayama’s Lemma
n = dimC F ⊗R R/m and as F ⊗R R′ ⊗R′ R′/m′ = F ⊗R R/m ⊗R/m R′/m′
this is the rank of η∗F . But as η∗ is faithfully exact, η∗ kerϕ = ker η∗ϕ = 0.
So kerϕ = 0 and F is free.
Let F ′ be an R′-module. If F ′ is free as an R′-module, then it is free as an
Rwl-module, for R
′ is free over Rwl. Suppose F ′ is free as an Rwl-module.
Since F ′ is an R′ = Rwl ⊗R C-module, the submodule mwlF ′ is a C-vector
space. Thus mwlF
′ = m′F ′. If we take x1, . . . , xk ∈ F ′ whose residue classes
modulo mwl form a C-basis of F ′/mwlF ′, then F is freely generated over
Rwl by x1, ix1, . . . , xk, ixk. In other words, F is freely generated over R
′ by
x1, . . . , xk. So F
′ is a free R′-module. 
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Example 2.7. For the projective space S = P1C of lines in C2 one finds that
Swl is isomorphic over R to the quadric Q in P3R given by
x1x2 − x20 − x23 = 0.
see [LeDiss, Example II.1.6]. As an illustration of this claim note that the
map
Q(R) −→ S2 ⊂ R3, [x0 : x1 : x2 : x3] 7→ 1
x1 + x2
(x1 − x2, 2x0, 2x3)
is an isomorphism so that indeed P1C(C) = Q(R).
3. Hodge-Weil theory
We introduce the notion of a mixed Hodge structure over R, where R is a
local Artin C-algebra with residue field C. The cohomology with coefficients
in the constant sheaf R of a locally trivial simple normal crossing variety
over SpecR carries such a structure, see Theorem 4.20.
The purpose of this concept is to carry out Hodge theoretic arguments in-
finitesimally and it plays a central role in the proof of Theorem 4.22. As
far as we know, it has not been studied before. The problem for R 6= C
is that there is no analogue of the complex conjugation on the underlying
R-module H. We will cure this by introducing the notion of a mixed Hodge-
Weil structure over R′, where R′ is now a local Artin R-algebra with residue
field R. This notion is a formalization of the Weil restriction of a mixed
Hodge structure over R and there is canonically a complex conjugation.
Definition 3.1. Let R be a local Artin C-algebra with residue field C. A
mixed Hodge structure over R is a triple H = (HR, F •,W•), which consists
of a finite dimensional R-vector space HR and two filtrations F • and W• on
H := (HR ⊗R C)⊗C R. These are a finite decreasing filtration
H ⊃ . . . ⊃ F p ⊃ F p+1 ⊃ . . . ⊃ 0
and a finite increasing filtration
0 ⊂ . . . ⊂Wm ⊂Wm+1 ⊂ . . . ⊂ H
satisfying the following properties.
(1) All graded objects GrpFGr
W
mH are free R-modules.
(2) The fiber H⊗R C = (HR ⊗R C, F • ⊗R C,W• ⊗R C) over the unique
point of S = SpecR is a mixed Hodge structure.
Note that condition (1) implies that the Wm and the F
p are free R-modules.
We will also call H ⊗R C the central fiber of H. In case H ⊗R C is a pure
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Hodge structure of weight k, we call H a pure Hodge structure over R of
weight k.
Definition 3.2. Let R be a local Artin C-Algebra and H = (HR, F,W ),
H′ = (H ′R, F ′,W ′) be mixed Hodge structures over R. A morphism of
mixed Hodge structures over R is a linear map fR : HR −→ H ′R such that
the induced morphism f = fR ⊗ idR : H −→ H ′ preserves both filtrations,
i.e. f(F p) ⊂ F p′ and f(Wm) ⊂Wm′. Here again H = (HR ⊗R C)⊗C R and
H ′ is defined analogously. We will often call f instead of fR a morphism of
mixed Hodge structures over R when there is no danger of confusion.
Remark 3.3. —
(1) If H = (HR, F,W ) is a pure Hodge structure of weight k over an
Artin ring R, then Nakayama’s Lemma implies that W is a trivial
filtration, i.e. H = Wk ⊃ Wk−1 = 0. We will therefore suppress W
in the notation and speak of a pure Hodge structure H = (HR, F )
over R.
(2) There is a complex conjugation HR ⊗R C −→ HR ⊗R C defined by
h⊗ λ := h ⊗ λ. However this does not canonically extend to an
R-linear map H −→ H, as H is a tensor product over C and complex
conjugation is only R-linear.
The notion of a Hodge structure over R is an infinitesimal version of a
variation of Hodge structures. The problem in replacing the base manifold
S of the variation with a local Artin ring R is that S = SpecR = {m}
and just posing the condition that the fiber over R/m be a mixed Hodge
structure is not enough. The (pointwise) complex conjugates F p of the
Hodge filtration of a variation of Hodge structures do not in general form
holomorphic vector bundles in case S is a complex manifold, so there is
no algebraic incarnation of F p. As a substitute we introduce the following
notion.
Definition 3.4. Let R be a local Artin R-algebra with residue field R. A
mixed Hodge-Weil structure over R is a triple H = (HR, F •,W•), which
consists of a finite dimensional R-vector space HR and two filtrations F •
and W• on H := (HR ⊗R C)⊗R R. These are a finite decreasing filtration
H ⊃ . . . ⊃ F p ⊃ F p+1 ⊃ . . . ⊃ 0
and a finite increasing filtration
0 ⊂ . . . ⊂Wm ⊂Wm+1 ⊂ . . . ⊂ H
satisfying the following properties.
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(1) All graded objects GrpFGr
W
mH are free R-modules.
(2) The fiber H⊗R R = (HR ⊗R C, F • ⊗R R,W• ⊗R R) over the unique
point of S = SpecR is a mixed Hodge structure.
Note that as in Definition 3.1, condition (1) implies that the Wm and the F
p
are free R-modules. We will also call H⊗R R the central fiber of H. In case
H⊗R C is a pure Hodge structure of weight k, we call H a pure Hodge-Weil
structure over R of weight k.
Definition 3.5. Let R be a local Artin R-algebra with residue field R and
H = (HR, F,W ), H′ = (H ′R, F ′,W ′) be mixed Hodge-Weil structures over
R. A morphism of mixed Hodge-Weil structures over R is a linear map
f : HR −→ H ′R such that the induced morphism fR = f ⊗ idR : H −→ H ′
preserves both filtrations, i.e. fR(F
p) ⊂ F p′ and fR(Wm) ⊂ Wm′. Here
again H = (HR ⊗R C)⊗R R and H ′ is defined analogously. We will write f
instead of fR when there is no danger of confusion.
Remark 3.6. —
(1) As in the Hodge-case, we write H = (HR, F ) for a pure Hodge-Weil
structure.
(2) The complex conjugation HR⊗RC −→ HR⊗RC extends canonically
to an R-linear map H −→ H. Since morphisms of mixed Hodge-Weil
structures are defined over R, they are compatible with complex
conjugation.
Recall that R ∈ ArtC the ring Rwl is a local Artin R-algebra with residue
field R by Lemma 2.3. Therefore, the statement of the following Lemma
makes sense.
Lemma 3.7. Let H = (HR, F •,W•) be a mixed Hodge structure over a
local Artin C-Algebra R. Then Hwl = (HR, F •wl, (Wwl)•) is a mixed Hodge-
Weil structure over Rwl and the central fibers of H and Hwl are isomorphic
as mixed Hodge structures. Moreover, the Weil restriction of a morphism
of mixed Hodge structures is a morphism of mixed Hodge-Weil structures.
Proof. The remark after Definition 2.4 tells us that
(3.1) Hwl = (HR ⊗R C⊗C R)wl = (HR ⊗R C)⊗R Rwl.
By Lemma 2.5 we see that the F pwl and (Wm)wl are submodules of Hwl =
(HR⊗R C)⊗RRwl. By Lemma 2.6 the modules
(
GrpFGr
W
mH
)
wl
are free and
by Lemma 2.5 they are the graded objects of the filtrations F pwl and (Wm)wl.
Let m′ be the maximal ideal of Rwl. As Rwl/m′ = R we see from 3.1 that
Hwl ⊗R Rwl/m′ = HR ⊗R C. For the same reason F pwl ⊗ R = F p ⊗ C and
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(Wm)wl⊗R = Wm⊗C so thatHwl⊗R is a mixed Hodge structure. The proof
also shows the statement about the central fibers and the statement about
morphisms is immediate from the functoriality of the Weil restriction. 
Lemma 3.8. Let R be a local Artin R-Algebra with residue field R and
H = (HR, F •) a pure Hodge-Weil structure of weight k. Then
H = F p ⊕ F q+1, ∀p, q, p+ q = k,(3.2)
H =
⊕
p+q=k
Hp,q, Hp,q = F p ∩ F q and(3.3)
F p =
⊕
r≥p
Hr,k−r.(3.4)
In particular, the last statement implies that the Hp,q are free and lift the
subquotients GrpFH to subobjects of H.
Proof. As H⊗R R is a pure Hodge structure, we have
H ⊗R R = F p ⊗R R⊕ F q+1 ⊗R R ∀p, q, p+ q = k.
Hence (3.2) follows from Nakayama’s Lemma. Now (3.2) implies (3.3) just
as in the case of ordinary Hodge structures. We will recall the proof. Let
α ∈ F p ⊂ H and write α = β + γ where β ∈ F p+1, γ ∈ F k−p according to
H = F p+1⊕F k−p. Then γ = α−β ∈ F p∩F k−p = Hp,k−p. This shows that
F p = F p+1 ⊕Hp,q, and (3.3) and (3.4) follow by induction on p. 
Lemma 3.9. Let R be a local Artin C-Algebra, let H = (HR, F,W ) and
H′ = (H ′R, F ′,W ′) be mixed Hodge structures over R and let f : H −→ H ′ be
a morphism of mixed Hodge structures over R. Then fp,q := f |Hp,q satisfies
fp,q (Hp,q) ⊂ (H ′)p,q and f = ∑p,q fp,q. Moreover, all fp,q have constant
rank in the sense of Definition A.1.
Proof. By (3.3) the image of fp,q is contained in (H ′)p,q, because f is defined
over R and preserves the Hodge filtration. Again, as f is defined over R its
cokernel is coker f = coker (fR : HR −→ H ′R)⊗R R, so it is free. Then
coker f =
⊕
p,q
coker fp,q
implies that coker fp,q is free. So the claim follows from Lemma A.2. 
4. Mixed Hodge structures for normal crossing varieties
Let S = SpecR where R ∈ ArtC and let f : Y −→ S be a proper, locally
trivial simple normal crossing C-variety. We will construct a complex Ω˜•Y/S ,
which calculates the cohomology with coefficients in the constant sheaf RYan
on Yan.
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Using the complex Ω˜•Y/S and its canonical resolution, we contruct a mixed
Hodge structure over R on Hk(Yan, RYan).
Definition 4.1. Let S = SpecR where R ∈ Artk and let f : Y −→ S be a
locally trivial variety in the sense of Definition 1.3. We define τkY/S ⊂ ΩkY/S
to be the subsheaf of sections whose support is contained in the singular
locus of f . We put Ω˜kY/S := Ω
k
Y/S/τ
k
Y/S .
If α ∈ ΩkY/S vanishes on Y reg, then dα vanishes there as well. Therefore,
τ•Y/S ⊂ Ω•Y/S is a subcomplex and Ω˜•Y/S is a complex. Next we will show
that irreducible components of a variety extend to flat subschemes on locally
trivial deformations. This will take some commutative algebra.
Lemma 4.2. Let A be a reduced noetherian ring and p1, . . . , pn be the
pairwise distinct minimal prime ideals of A. Then Ann pj = ∩i 6=jpi for
each j.
Proof. Let Ai = A/pi and φ : A −→ A1 × . . . × An be the canonical map.
It is injective, because ∩ipi = nil(A) = 0. Suppose a ∈ ∩i 6=jpi, b ∈ pj
and write φ(a) = (a1, . . . , an) and φ(b) = (b1, . . . , bn). Then φ(ab) =
(a1b1, . . . , anbn) = 0 because ai = 0 for i 6= j and bj = 0. But φ is in-
jective, hence ab = 0, in other words, a ∈ Ann pj , so Ann pj ⊃ ∩i 6=jpi.
Let a ∈ Ann pj . Then for every b ∈ pj we have 0 = φ(ab) = (a1b1, . . . , anbn)
in the above notation, where bj = 0. As the pi are minimal and pairwise
distinct, pj\pk 6= ∅ for every k 6= j. If we fix k and choose b ∈ pj\pk, then
bk 6= 0. So akbk = 0 implies that ak = 0 as Ak is an integral domain, so
a ∈ pk. Choosing different b we see that a ∈ ∩i 6=jpi completing the proof. 
Lemma 4.3. Let A be a reduced noetherian ring, p ⊂ A be a minimal
prime ideal and ψ : p −→ A/p be an A-module homomorphism. Then ψ = 0.
Proof. Let p, p1, . . . , pn be the pairwise distinct minimal prime ideals of A
and N := imψ ⊂ A/p. We will show that N = 0. By Lemma 4.2 we have
Ann p = ∩ipi. So p /∈ supp(p) = V (Ann p), for otherwise ∩ipi ⊂ p and thus
pi ⊂ p for some i as p is prime, contradicting the fact that p 6= pi and p is
minimal. Thus, p⊗A Ap = 0 and the surjection
0 = p⊗A Ap // // N ⊗A Ap
yields that Np = N⊗AAp = 0. Therefore, N is torsion. This implies N = 0,
as it is an A/p-submodule of the torsion-free module A/p. 
Lemma 4.4. Let A be a reduced noetherian ring, p ⊂ A a minimal prime
ideal, R ∈ Artk and P ⊂ A ⊗k R an ideal such that A ⊗k R/P is a flat
deformation of A/p over R. Then P = p⊗R.
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Proof. Let m ⊂ R be the maximal ideal. As R is Artinian, there is n ∈ N
such that mn = 0. So we may argue inductively and assume that P/mk =
p⊗R/mk ⊂ A⊗R/mk. By flatness, we obtain the commutative diagram
(4.1)
0

0

0

0 // p⊗mk/mk+1 //

A⊗mk/mk+1 //

A/p⊗mk/mk+1 //
pi

0
0 // P/mk+1 //

A⊗R/mk+1 ϕ //

A⊗R/(P + mk+1) //
χ

0
0 // p⊗R/mk

// A⊗R/mk

// A/p⊗R/mk

// 0
0 0 0
with exact rows and columns.
If we denote the inclusion p⊗R/mk+1   // A⊗R/mk+1 by ψ, then ϕ◦ψ
factors as
A/p⊗mk/mk+1
pi

p⊗R/mk+1
∃
55
ϕ◦ψ
// A⊗R/(P + mk+1)
Indeed, this can be seen as follows. Consider the commutative diagram
p⊗R/mk+1 ψ //

A⊗R/mk+1 ϕ //

A⊗R/(P + mk+1) //
χ

0
0 // p⊗R/mk // A⊗R/mk // A/p⊗R/mk // 0
Then χ ◦ ϕ ◦ ψ = 0 as the bottom row is exact. Therefore, ϕ ◦ ψ factors
through kerχ as claimed.
Now observe that p ⊗ R/mk+1 −→ A/p ⊗ mk/mk+1 is zero by Lemma 4.3,
hence so is ϕ ◦ ψ. Therefore ψ factors through kerϕ = P/mk+1 as
p⊗R/mk+1

  ψ // A⊗R/mk+1
P/mk+1
66
But p⊗R/mk+1 −→ P/mk+1 becomes an isomorphism after tensoring with
R/mk, thus it is itself an isomorphism by flatness of P/mk+1, see [Ser06,
Lem A.4]. 
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Lemma 4.5. Let f : Y −→ S be a locally trivial deformation of a reduced
noetherian scheme Y over an Artinian base S = SpecR, R ∈ Artk. Then
the irreducible components Yα of Y lift uniquely to subschemes Yα ↪→Y flat
over S. Moreover, each Yα is a locally trivial deformation of Yα.
Proof. Let Y = ∪iUi be an open affine covering of Y such that there are
R-algebra isomorphisms θi : Ai ⊗k R −→ Γ(Ui,OY) where Ai := Γ(Ui,OY ).
An irreducible component Yα of Y gives a minimal prime ideal p
i
α in each
Ai. We define Y iα to be the closed subscheme of Y|U whose ideal is θi(pα).
Then Y iα is a flat lifting of Yα|Ui for all i. Therefore, on Uij := Ui ∩ Uj also
Yjα|Uij is a flat lifting of Yα|Uij for all j. Then by Lemma 4.4 we conclude
that Y iα|Uij = Yjα|Uij and so the Y iα are the restrictions of a closed subscheme
Yα of Y. The argument also shows that Yα is unique. 
4.6. Semi-simplicial resolutions. Recall that a semi-simplicial scheme
Y • is given by schemes Y n and morphisms dj : Y n −→ Y n−1 for j = 0, . . . , n
satisfying some compatibility condition. We refer to [PS08, 5.1] for details.
An ordinary scheme Y may be considered as a trivial semi-simplicial scheme
with Y n = Y and all dj = idY . A morphism of semi-simplicial schemes
a : Y • −→ Y from Y • to an ordinary scheme is also called an augmentation
of Y • to Y or that Y • is augmented towards Y . We will also write an
augmented semi-simplicial scheme Y • −→ Y in the form
. . . ////// Y 1 // // Y 0 // Y .
Dual to the notion of an semi-simplicial object is the one of a semi-cosimplicial
object.
Definition 4.7. Let S be a C-scheme and Y −→ S be a proper scheme over
S. A semi-simplicial resolution of Y over S is a semi-simplicial S-scheme
Y• together with a morphism a : Y• −→ Y of semi-simplicial S-schemes such
that all ak : Yk −→ Y are proper and Yk −→ S is smooth for all k.
Note that for S = SpecC this definition does not coincide with Deligne’s
[Del71, Del74]. Deligne defines semi-simplicial resolutions for varieties over
C. He requieres a resolution to be of of cohomological descent, an extra
condition which he uses to construct a functorial mixed Hodge structure on
the cohomology of an algebraic C-variety. We do not need this here as we
proof all our Hodge theoretical statements ”by hand”.
4.8. Canonical resolution for locally trivial deformations of simple
normal crossing varieties. Let Y be a proper simple normal crossing k-
variety and let Y = ∪iYi be a decomposition into irreducible components.
NORMAL CROSSING SINGULARITIES 15
Let f : Y −→ S be a locally trivial deformation of Y over S = SpecR where
R ∈ Artk. Lemma 4.5 allows us to write
Y =
n⋃
i=1
Yi
with flat S-schemes Yi. This union is a decomposition into irreducible com-
ponents and Yi is a locally trivial deformation of Yi. As the Yi −→ S are flat
deformations of smooth schemes, Y0 := ∐i Yi −→ S is smooth as well. For
a subset I ⊂ [n] := {1, . . . , n} we put
(4.2) YI :=
⋂
i∈I
Yi, Yk :=
∐
|I|=k+1
YI .
Here, by Yi ∩ Yj we denote the scheme Yi ×Y Yj . There exists one map
ak : Yk −→ Y over S and k + 1 canonical maps dj : Yk −→ Yk−1 for
j = 0, . . . , k over S coming from the k + 1 inclusions [k] ↪→ [k + 1]. In other
words, the collection of the Yk together with the dj is a semi-simplicial
S-scheme and the ak form an augmentation of Y• to Y.
Lemma 4.9. The semi-simplicial S-scheme Y• together with the augmenta-
tion a : Y• −→ Y is a semi-simplicial resolution of Y. We call it the canonical
resolution of Y over S.
Proof. We have to show that all Ym −→ S are smooth morphisms. Lemma
III.1.5 tells us (or rather the choice of Yi, which was made using Lemma
III.1.5) that Yi is a flat deformation of the smooth variety Yi and therefore
smooth as well. For m ≥ 1 we use that Ym is a disjoint union of schemes of
the form YI = Yi0 ×Y . . . ×Y Yim , where I = {i0, . . . , im} and |I| = m + 1.
Moreover, smoothness is a local property, so let us assume that all schemes
are affine, say
Y = SpecA, Yi = SpecAi, Y = SpecA, Yi = SpecAi,
where A = A ⊗R k and Ai = Ai ⊗R k for S = SpecR. But all morphisms
Yi −→ Y are S-morphisms and Yi respectively Y are locally trivial deforma-
tions of Yi respectively Y . Thus, we may assume that Ai ∼= Ai ⊗k R and
A ∼= A ⊗k R. Note that by Lemma 4.4 the trivialization A ∼= A ⊗k R al-
ready induces an isomorphism Ai ∼= Ai⊗kR so that we obtain an R-algebra
isomorphism
Γ(YI ,OYI ) = Ai0 ⊗A . . .⊗A Aim ∼= (Ai0 ⊗A . . .⊗A Aim)⊗k R.
The ring Ai0 ⊗A . . . ⊗A Aim is the coordinate ring of the smooth k-variety
Y I := YI ×S k = Yi0 ×Y . . . ×Y Yim . Smoothness of Y I is immediate from
16 CHRISTIAN LEHN
the normal crossing condition. This shows that also YI is smooth over
S = SpecR completing the proof. 
4.10. Semi-cosimplicial resolution for Ω˜pY/S. For Y as in section 4.8 the
semi-simplicial S-scheme Y• induces semi-cosimplicialOY -modules a∗ΩpY•/S .
The formula δn :=
∑n+1
j=0 (−1)jdj where dj = d∗j makes
a∗Ω
p
Y•/S : a0∗Ω
p
Y0/S
δ0−−→ a1∗ΩpY1/S
δ1−−→ . . .
into a complex. The augmentation a : Y• −→ Y induces a coagumentation
ΩY/S
a∗0−−→ a0∗ΩpY0/S
δ0−−→ a1∗ΩpY1/S
δ1−−→ . . . .
As Y0 −→ S is smooth, the morphism a∗0 factors through Ω˜pY/S from Defini-
tion 4.1. Clearly, the composition δ0 ◦ a∗0 is zero and we obtain a complex
(4.3) 0 −→ τkY/S −→ ΩkY/S −→ a0∗ΩkY0/S −→ a1∗ΩkY1/S −→ . . .
All following theory is based on the important
Lemma 4.11. Let Y be a simple normal crossing C-variety and f : Y −→ S
be a locally trivial deformation of Y over S = SpecR with R ∈ ArtC. Then
(1) The sequence (4.3) is exact and so is the sequence with Y replaced
by Yan.
(2) Ω˜•Yan/S is a resolution of the constant sheaf RY an .
(3) The canonical map
(
Ω˜kY/S
)an −→ Ω˜kYan/S is an isomorphism.
(4) The canonical map Rif∗Ω˜kY/S −→ Rifan∗ Ω˜kYan/S is an isomorphism.
Proof. The question is local in Y, so we may assume that Y = Y × S is
the trivial deformation. Then the resolution (4.3) is simply the pullback of
the analogous resolution for Y along the flat morphism Y × S −→ Y . This
implies (1) and (2), as the respective statements are true for Y by [Fri83,
Prop 1.5].
We clearly have
(
ΩY/S
)an ∼= ΩYan/S . Now (3) follows from (1) because
analytification is an exact functor by [SGA1, Exp XII, Prop 1.3.1] and com-
patible with taking the wedge product. Moreover, (3) implies (4) by [SGA1,
Exp XII, Thm 4.2]. 
Remark 4.12. In [Ser56] several comparison theorems are proven for pro-
jective varieties over C. A generalization of Serre’s work to proper schemes
of finite type over C is given in Raynaud’s expose´ [SGA1, Exp XII]. The
references in the proof refer to generalizations of Serre’s results [Ser56, Prop
10] and [Ser56, Thm 1].
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The following result is due to Deligne, see [Del68, Thm 5.5], for smooth
morphisms f : Y −→ S. His proof also works in our situation. As his
arguments are part of the proof of a more general statement, we reproduce
them here.
Theorem 4.13 (Deligne). Let Y be a proper, simple normal crossing C-
variety, let f : Y −→ S = SpecR for R ∈ ArtC be a locally trivial deforma-
tion of Y over S and let S′ −→ S be a morphism, where S′ = SpecR′ for
R′ ∈ ArtC. Then the following holds.
(1) The associated spectral sequence
(4.4) Ep,q1 = R
qf∗Ω˜
p
Y/S ⇒ Rp+qf∗Ω˜•Y/S = Hp+q(Y an, RY an)
degenerates at E1.
(2) The R-modules Rqf∗Ω˜
p
Y/S are free and compatible with arbitrary base
change in the sense that for Y ′ = Y ×S S′ the morphism
Rqf∗Ω˜
p
Y/S ⊗R R′ −→ Rqf∗Ω˜pY ′/S′
is an isomorphism.
The analogous statements hold if f : Y −→ S is replaced by a deformation
X −→ S of a compact Ka¨hler manifold X.
Proof. We argue as in [Del68], The´ore`me 5.5 for the morphism f : Y −→ S.
By [Del68, (3.5.1)] a complex K of R-modules satisfies
lgR(H
n(K)) ≤ lg(R) dimC(Hn(K ⊗LR C))
and Hn(K) is a free R-module if equality holds. Here lg denotes the
length of a module. To apply this to the E1-term of the spectral se-
quence (4.4) we need [EGAIII], The´ore`me (6.10.5) saying that there is a
bounded below complex L of free R-modules and an isomorphism of ∂-
functors Rqf∗
(
Ω˜pY/S ⊗ f∗Q
)
−→ Hq(L ⊗ Q) in the bounded complex Q
of quasi-coherent R-modules. Here we use that Ω˜•Y/S is flat over R. Let
f¯ : Y −→ SpecC be the restriction of f to the central fiber. We will compare
the spectral sequence (4.4) with the spectral sequence of f¯ . Again by [Del68,
(3.5.1)] we have
(4.5)
lgR(R
qf∗Ω˜
p
Y/S) = lgR(H
q(L))
≤ lg(R) dimC(Hq(L⊗R C))
= lg(R) dimC(R
qf¯∗Ω˜
p
Y/C)
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and Rqf∗Ω˜
p
Y/S is a free R-module if equality holds. We have
lg(Rnf∗Ω˜•Y/S) ≤
∑
p+q=n
lgR(R
qf∗Ω˜
p
Y/S)
≤ lg(R)
∑
p+q=n
dimC(R
qf¯∗Ω˜
p
Y/C)
= lg(R) dimC(R
nf¯∗Ω˜•Y/C),
where the first inequality comes from the existence of the spectral sequence,
the second inequality is (4.5) and the last equality comes from the degener-
ation of the spectral sequence for Y , which is [Fri83, Prop 1.5]. But Lemma
4.11 (2) implies that lg(Rnf∗Ω˜•Y/S) = lg(R) dimC(R
nf¯∗Ω˜•Y/C), so we have
equality everywhere. Hence (1) and the first assertion of (2) follows. The
second assertion of (2) follows from the first by [EGAIII, (7.8.5)].
The Ka¨hler case works literally as above, we only have to replace the refer-
ence to [EGAIII, Thm 6.10.5] by [BS77, Ch 3, Thm 4.1] and the reference to
[EGAIII, 7.8.5] by [BS77, Ch 3, Cor 3.10]. The rest of the proof of Theorem
4.13 goes through if we note that the spectral sequence associated with Ω•X
degenerates as X is a compact Ka¨hler manifold. 
4.14. Pure Hodge structures on smooth families. Let f : Y −→ S
be a smooth and proper morphism of complex spaces where S = SpecR for
R ∈ ArtC. We are going to put a pure Hodge structure over R on Hk(Y,RY )
where Y = Yred. The decreasing filtration F pΩ•Y/S := Ω≥pY/S gives rise to the
Hodge filtration F pHk(Y,RY ) on H
k(Y,RY ), which we obtain by setting
(4.6) F pRkf∗Ω•Y/S := im
(
Rkf∗F pΩ•Y/S −→ Rkf∗Ω•Y/S
)
and using the isomorphisms Hk(Y,RY ) −→ Rkf∗Ω•Y/S from [Del68, Lem
5.5.3].
Lemma 4.15. Let f : Y −→ S = SpecR be a smooth and proper morphism
of complex spaces where R ∈ ArtC. Then
Hk(Y) :=
(
Hk(Y,R), F pHk(Y,RY )
)
is a pure Hodge structure of weight k over R, whose central fiber is the
usual Hodge structure on Hk(Y,R). Moreover, the canonical morphism
Rkf∗F pΩ•Y/S −→ Rkf∗Ω•Y/S is injective, so thatRkf∗F pΩ•Y/S ∼= F pHk(Y,RY ).
If g : X −→ S is smooth and proper, every S-morphism i : Y −→ X induces
a morphism i∗ : Hk(X ) −→ Hk(Y) of pure Hodge structures over R.
Proof. The filtration defined in (4.6) is the one, whose graded objects are
found on E∞ of the spectral sequence (4.4). By [Del68, Thm 5.5] we have
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E∞ = E1, so Gr
p
FR
kf∗Ω•Y/S = R
k−pf∗Ω
p
Y/S = R
k−pf∗Gr
p
FΩ
•
Y/S . The same
theorem tells us that Rk−pf∗Ω
p
Y/S is free. Therefore using
0 // Rkf∗F p+1Ω•Y/S //

Rkf∗F pΩ•Y/S //

Rkf∗Gr
p
FΩ
•
Y/S

// 0
0 // F p+1Rkf∗Ω•Y/S // F
pRkf∗Ω•Y/S // Gr
p
FR
kf∗Ω•Y/S // 0
we find inductively that Rkf∗F pΩ•Y/S ∼= F pRkf∗Ω•Y/S and that these are free
submodules. Again by [Del68, Thm 5.5], all graded objects are compatible
with base change and therefore restrict to a pure Hodge structure on the
central fiber. The statement about morphisms is clear. 
Corollary 4.16. There is a natural isomorphism
Rk−pf∗Ω
p
Y/S −→ GrpFHk(Y,R).
Proof. Consider the sequences
(4.7)
0 // Rkf∗Ω
≥p+1
Y/S //
∼=

Rkf∗Ω
≥p
Y/S //
∼=

Rk−pf∗Ω
p
Y/S //
∃ ?

0
0 // F p+1Hk(Y,R) // F pHk(Y,R) // GrpFH
k(Y,R) // 0
where the first two vertical maps are isomorphisms by Lemma 4.15. These
isomorphisms imply that the upper sequence is exact on the left. As it is
part of the long exact sequence associated with the sequence
0 −→ Ω≥p+1Y/S −→ Ω≥pY/S −→ ΩpY/S [−p] −→ 0
of complexes, injectivity at the (k + 1)-st direct image yields surjectivity
at the k-th, hence exactness of the upper sequence. Therefore, the mor-
phism Rk−pf∗Ω
p
Y/S −→ GrpFHk(Y,R) exists and by the five-lemma it is an
isomorphism. 
Corollary 4.17. There is a natural isomorphism(
Rk−pf∗Ω
p
Y/S
)
wl
∼=−−→ Hp,q(Y,R) := F pwl ∩ F qwl ⊂ Hk(Y,R)⊗R,
which is functorial in Y.
Proof. This is deduced directly by applying Weil restriction to the diagram
(4.7) and using Lemma 3.8. 
Recall that a module homomorphism has constant rank if and only if its
cokernel is free by Lemma A.2.
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Proposition 4.18. Let f : Y −→ S, g : X −→ S be proper and smooth over
S = SpecR, R ∈ ArtC and let i : Y −→ X be an S-morphism. Then the
induced morphisms i∗ : Rqg∗Ω
p
X/S −→ Rqf∗ΩpY/S have constant rank.
Proof. By Lemma 4.15 we know that the morphism i induces a morphism
Hk(X ) −→ Hk(Y) between the pure Hodge structures over R associated
with X and Y. Taking Weil restrictions this gives a morphism Hk(X )wl −→
Hk(Y)wl of Hodge-Weil structures by Lemma 3.7. Let ip,q : Hp,q(X) −→
Hp,q(Y ) be the induced map. By Corollary 4.17 the diagram(
Rk−pf∗Ω
p
Y/S
)
wl
i∗wl //
∼=

(
Rk−pg∗Ω
p
X/S
)
wl
∼=

// coker i∗wl

// 0
Hp,q(Y )
ip,q // Hp,q(X) // coker ip,q // 0
commutes and the first two vertical maps are isomorphisms. Therefore, also
the third vertical map is an isomorphism. We know that coker ip,q is free by
Lemma 3.9, hence so is coker i∗wl. Now the claim follows from Lemma 2.6,
as coker i∗wl = (coker i
∗)wl by Lemma 2.5. 
Proposition 4.18 together with Lemma 3.9 can be seen as a formalization
of the following argument: If S is the base manifold of a small deformation
and t ∈ S, the maps Hq(Xt,ΩpXt) −→ Hq(Yt,Ω
p
Yt
), the rank of which is semi-
continuous in t, add up to the topological map H i(Xt,C) −→ H i(Yt,C) by
the Hodge decomposition. The rank of the latter is independent of t and by
semi-continuity the summands also have constant rank.
4.19. Mixed Hodge structures on normal crossing families. Let Y
be a simple normal crossing C-variety and f : Y −→ S be a locally trivial
deformation of Y over S = SpecR with R ∈ ArtC. Here we need for the
first time that Y is a scheme rather than a complex space, because we want
to invoke Lemma 4.5. However, this need is probably only due the approach
we chose. The analogue of Lemma 4.5 should be valid for complex spaces,
too.
By Lemma 4.11 (2) there is a quasi-isomorphism Ω˜•Y/S ' s((a•)∗Ω•Y•/S),
where s(·) denotes the single complex associated with a double complex.
We define filtrations W−mΩ˜•Y/S := s((a≥m)∗Ω
•
Y≥m/S) and F
pΩ˜•Y/S := Ω˜
≥p
Y/S .
These give rise to filtrations F pHk(Y,R) and WmH
k(Y,R) on Hk(Y,R) if
we put
(4.8) WmR
kf∗Ω˜•Y/S := im
(
Rkf∗Wm−kΩ˜•Y/S −→ Rkf∗Ω˜•Y/S
)
NORMAL CROSSING SINGULARITIES 21
and
(4.9) F pRkf∗Ω˜•Y/S := im
(
Rkf∗F pΩ˜•Y/S −→ Rkf∗Ω˜•Y/S
)
and use the isomorphisms Hk(Y an, RY an) −→ Rkfan∗ Ω˜•Yan/S from Lemma
4.11 (2) and Rkf∗Ω˜•Y/S −→ Rkfan∗ Ω˜•Yan/S from Lemma 4.11 (4).
Theorem 4.20. Let Y be a proper simple normal crossing variety over C
and let f : Y −→ S be a locally trivial deformation of Y over S = SpecR for
R ∈ ArtC. Then
(4.10) Hk(Y) = (Hk(Y an,R),WmHk(Y an, RY an), F pHk(Y an, RY an))
is a mixed Hodge structure over R. Moreover, Rkf∗F pΩ˜•Y/S −→ Rkf∗Ω˜•Y/S
is injective so that F pHk(Y an, RY an)
∼= Rkf∗Ω˜≥pY/S.
Proof. Literally as in the pure case, see Lemma 4.15 and Corollary 4.16,
one shows that the R-modules GrpFR
kf∗Ω˜•Y/S are free and isomorphic to
Rkf∗Gr
p
F Ω˜
•
Y/S = R
kf∗Ω˜
p
Y/S and that R
kf∗F pΩ˜•Y/S −→ Rkf∗Ω˜•Y/S is injec-
tive. The only difference is that one has to use Theorem 4.13 instead of
[Del68, Thm 5.5]. To verify that (4.10) is a mixed Hodge structure over R,
we have to show that the graded objects GrWm Gr
p
FH
k(Y an, RY an) are free
R-modules, or equivalently that the GrWm Gr
p
FR
kf∗Ω˜•Y/S are free R-modules,
and that the central fiber is a mixed Hodge structure in the ordinary sense.
The free R-module Rkf∗Ω˜
p
Y/S is the abutment of the spectral sequence
(4.11) Ek,m1 = R
mf∗ ak∗Ω
p
Yk/S ⇒ Rk+mf∗Ω˜
p
Y/S
induced by the resolution (4.3) for fixed p. The filtration defined in (4.8)
induces a weight filtration GrpFR
kf∗Ω˜•Y/S in the obvious way and the graded
objects with respect to this filtration are the E∞ terms of the spectral se-
quence (4.11). By [Del68, Thm 5.5] the R-modules Ek,m1 are free and com-
patible with base change. Moreover, the differential d1 on E
k,m
1 is given by
the semi-simplicial differential δ : Rmf∗ak∗Ω
p
Yk/S −→ Rmf∗ak∗Ω
p
Yk+1/S .
This morphism has constant rank by Proposition 4.18. Hence Ek,m2 is free,
too, and compatible with base change by Lemma A.6. In the case R = C
the spectral sequence is known to degenerate at E2, see [PS08, Thms 3.12,
3.18]. As all E2-terms of (4.11) are compatible with base change we have
22 CHRISTIAN LEHN
for all n that∑
k+m=n
lgR
(
Ek,m2
)
= lgR(R)
∑
k+m=n
dimC
(
Ek,m2 ⊗ C
)
= lgR(R) dimC
(
Rnf∗Ω˜
p
Y/C
)
= lgR
(
Rnf∗Ω˜
p
Y/S
)
.
Thus, the spectral sequence 4.11 also degenerates at E2 and the R-modules
Ek,m∞ = GrWmRk+mf∗Ω˜
p
Y/S = Gr
W
m Gr
p
FR
k+mf∗Ω˜•Y/S coincide with the free
R-modules Ek,m2 . Again, as all graded objects are compatible with base
change, H restricts to a mixed Hodge structure on the central fiber, which
is the usual mixed Hodge structure on Y . 
Let us isolate an observation from the proof of the previous lemma.
Corollary 4.21. Let Y be a proper simple normal crossing variety over C
and let f : Y −→ S be a locally trivial deformation of Y over S = SpecR for
R ∈ ArtC. Then the spectral sequence (4.11) degenerates at E2. 
Theorem 4.22. Let S = SpecR where R ∈ ArtC, let Y be a proper simple
normal crossing C-variety and let g : X −→ S and f : Y −→ S be proper,
algebraic S-schemes. Assume that Y −→ S is a locally trivial deformation
of Y and that X −→ S is smooth. Let i : Y −→ X be an S-morphism. Then
for all p, q the morphism i∗ : Rqg∗Ω
p
X/S −→ Rqf∗Ω˜pY/S has constant rank.
Proof. Let . . . // //// Y1 //// Y0 // Y be the semi-simplicial resolution of Y
over S from Lemma 4.9. This means in particular that Y0 is a locally
trivial deformation of the normalization. By Theorem 4.13 the R-modules
Rqg∗Ω
p
X/S , R
qf∗Ω˜
p
Y/S and R
qf∗Ω
p
Yk/S are free and compatible with base
change. By Corollary 4.21 we know that the spectral sequences (4.11) de-
generate at E2 for each p. As E
0,q
2 = ker
(
Rqf∗Ω
p
Y0/S −→ Rqf∗ΩpY1/S
)
, this
implies that the first row in
(4.12)
0 // Wp+q−1Rqf∗Ω˜
p
Y/S // R
qf∗Ω˜
p
Y/S
η
// Rqf∗Ω
p
Y0/S
δ // Rqf∗Ω
p
Y1/S
Rqg∗Ω
p
X/S
i∗
OO
ϕ
99
is exact.
Here im i∗ does not intersect Wp+q−1Rqf∗Ω˜
p
Y/S , as it does not on the cen-
tral fiber. This last claim can be shown using Deligne’s weak splitting
as follows. We denote X := X ×S C and put Hp+qY := Hp+q(Y,C) and
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Hp+qX := H
p+q(X,C). We identify Hp+qY and H
p+q
X with the hypercohomol-
ogy of Ω˜•Y respectively Ω
•
X and obtain(
Wp+q−1Rqf∗Ω˜
p
Y/S
)
⊗ C   //
(
Rqf∗Ω˜
p
Y/S
)
⊗ C
(
Rqg∗Ω
p
X/S
)
⊗ Ci
∗
oo
Wp+q−1Rqf∗Ω˜
p
Y
  // Rqf∗Ω˜
p
Y R
qg∗Ω
p
X
oo
Wp+q−1Gr
p
FH
p+q
Y
  // GrpFH
p+q
Y Gr
p
FH
p+q
X
oo
Deligne’s weak splitting [PS08, Ex 3.3 and Lem-Def 3.4] is a decomposition
HkY =
⊕
r,s I
r,s
Y such that
F pHkY =
⊕
r≥p
Ir,sY and WmH
k
Y =
⊕
r+s≤m
Ir,sY .
The subspaces Ir,sY ⊂ Hr+sY project isomorphically onto the subquotients
GrWr+sGr
r
FHY . The Deligne weak splitting is preserved under morphisms of
mixed Hodge structures. As the Hodge structure on Hp+qX is pure of weight
p+ q, this yields im i∗ ⊂ Ip,qY and therefore
im i∗ ∩Wp+q−1GrpFHp+qY ⊂ Ip,qY ∩
⊕
r+s≤p+q−1
Ir,sY = 0.
as claimed.
We come back to diagram (4.12) and observe that ϕ has constant rank
by Proposition 4.18. Also η has constant rank as δ has constant rank by
Proposition 4.18 and hence coker η = ker δ is free. As im i∗ ∩ ker η = 0,
Lemma A.5 implies that i∗ has constant rank completing the proof. 
4.23. Vista. It seems obvious that the results of this article are only a
master example of what is true in general. We belief that the statements
of Theorem 4.20 and Theorem 4.22 should hold true mutatis mutandis for
all locally trivial varieties X −→ S and Y −→ S over an Artinian base
scheme. One way to establish these results would be to prove resolution of
singularities in this setting and then produce semi-simplicial resolutions as
in Deligne’s approach. On the other hand it is clear that the local triviality
condition is necessary.
Appendix A. Commutative algebra
Let R be a noetherian ring and ϕ : F −→ G be a morphism between finitely
generated free R-modules. We define Ij(ϕ) = im(ϕ
′ : ΛjF ⊗ (ΛjG)∨ −→ R),
where ϕ′ is induced by Λjϕ : ΛjF −→ ΛjG. If we interpret ϕ as a matrix,
then Ij(ϕ) is the ideal generated by all j × j-minors of ϕ. If F and G are
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finitely generated but not necessarily free, the definition still makes sense if
G is projective. One defines the rank of ϕ as rkϕ := max {i : Ii(ϕ) 6= 0}.
Definition A.1. Let R be a noetherian ring and ϕ : F −→ G be a morphism
between finitely generated R-modules. Suppose G is projective. We say that
ϕ has constant rank k if Ik(ϕ) = R and Ik−1(ϕ) = 0. We say that ϕ has
constant rank if there is some k such that ϕ has constant rank k.
A characterization of this property is given by the following Lemma, the
proof of which is found at [Eis95, Prop 20.8].
Lemma A.2. Let R be a noetherian ring and ϕ : F −→ G be a morphism
between finitely generated R-modules. Suppose G is projective. Then ϕ has
constant rank if and only if cokerϕ is a projective R-module. 
Lemma A.3. Let (R,m) be a local Artin ring with residue field k and
F1 ⊂ F two finitely generated free R-modules. Then F/F1 is free and
ϕ : F1 ⊗ k −→ F ⊗ k is injective.
Proof. If F1 −→ F is injective, then F/F1 is free if and only if ϕ : F1 ⊗ k −→
F ⊗ k is injective. This holds over any local noetherian ring by [Ser06, Cor
A.6]. As both F1 and F are free, the diagram
0 // mF1 // _

F1 // _

F1 ⊗ k //
ϕ

0
0 // mF // F // F ⊗ k // 0
has exact rows. If ϕ is not injective, then there is x1 ∈ F1 ∩ mF with
x1 /∈ mF1. Because of this last property we find x2, . . . , xk ∈ F such that
x1, x2, . . . , xk is a basis of F by Nakayama’s Lemma. In particular, if αx1 = 0
for some α ∈ R, then α = 0. The case R = k is trivial, so we may assume
that the maximal ideal m is non-zero. So there is 0 6= α ∈ Annm. Therefore
we have αx1 ∈ αmF = 0, a contradiction. 
Corollary A.4. Let (R,m) be a local Artin ring with residue field k and
F1, F2 ⊂ F be two free submodules in a finitely generated free R-module.
Then F1 ∩ F2 = 0 if and only if F1 ⊗ k ∩ F2 ⊗ k = 0.
Proof. The condition F1 ∩ F2 = 0 means that F1 ⊕ F2 −→ F is injective.
This implies injectivity of F1 ⊗ k ⊕ F2 ⊗ k −→ F ⊗ k by Lemma A.3, hence
F1 ⊗ k ∩ F2 ⊗ k = 0. The converse again follows from [Ser06, Cor A.6] over
any local noetherian ring. 
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Lemma A.5. Let R be a local Artin ring and
F
ϕ
  
ψ

G
η
// H
a diagram of R-modules where G,H are free, η has constant rank and imψ∩
ker η = 0. Then ϕ has constant rank if and only if ψ has.
Proof. We may assume that ψ is injective since replacing F by imψ does not
change any cokernel. As η has constant rank, ker η and coker η = H/η(G)
are free. If we consider the two exact sequences
0 −→ G/(F ⊕ ker η) −→ H/ϕ(F ) −→ H/η(G) −→ 0
and
0 −→ ker η −→ G/F −→ G/(F ⊕ ker η) −→ 0
we see that H/ϕ(F ) is free if and only if G/(F ⊕ ker η) is free. By Lemma
A.3 this is the case if and only if G/F is free. This proves the Lemma. 
Lemma A.6. Let R be a local Artin ring and
H ′ d1→ H d2→ H ′′
a complex of free R-modules, i.e. d2 ◦ d1 = 0. If the di have constant rank,
then the cohomology ker d2/ im d1 is free.
Proof. Consider the diagram
H ′

d1 // H
d2 // H ′′
F
. 
ϕ
>>
ψ
// G
?
η
OO
where F = im d1 and G = ker d2. Here F and G are free by the remarks
following Definition A.1, hence the claim follows from Lemma A.3. 
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